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Introduction: QPT

N

Thermal phase transitions: which is described by non-analytic
behaviors of the thermal properties at the transition points, driven

by thermal fluctuation.
@

Quantum phase transitions: driven by the quantum fluctuations
and are described by the non-analytic behaviors of the ground-
state properties at the transition points.

< Mott-insulator transition in Hubbard model.

> Doped High-Tc superconductor

ITP, Department of Physics, CUHK




Introduction: traditional method
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Landau’s symmetry-breaking theory
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Introduction: quantum information

N

L

A practic quantum computer seems still a dream, but the
development in quantum information science has shed
new lights on other related fields.
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Introduction: QPT & quantum entanglement
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C=C,-C,(a-1)

C,=2In2-1
co2m2-t 2.2
2 T I
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Introduction: QPT & quantum entanglement

L/

Detecting Topological Order in a Ground State Wave Function Kitaev&Preskill

Michael Levin and Xiao-Gang Wen

Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
(Received 25 October 20035; published 24 March 2006)

A large class of topological orders can.be understood and classified using the string-net condensation
picture. These topological orders can be characterized by a set of data (N, 4, F ;f:n, Giji). We describe a

LEE. KOG D3 dede hiihad drdey eEtp ande ne  ETTNTE samietwimVe. DEWTIIOTIne s TEEG T IWEEW Gdmi
mting a quantity called the “topological entropy™ which directly measures the total involves comg
HTENSION £F= %‘,—a’f‘; = yuaniiin-a
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Introduction: classical fidelity

N

Qe

Definition
p = P D{|+ | 2)(2]+-+ py [N )N
0 = Q| )(L|+ Gy | 2)(2[+-++ 0y [N )(N]|

F:Z\/ﬁ
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Introduction: information perspective

L

 F(4)

Ac

R S =2y~ 1y
(v ()| (%)) A=(A,+4)12

<(w(4)|w (1)) F = {y () |y ()]
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Introduction:

L

Ising model

IL(, 1)1

QPT & Fidelity

H. T. Quan, Z. Song, X. F. Liu, P. Zanardi, and C. P.
Sun, Phys. Rev. Lett. 96, 140604 (2006).

H(A S) = —JZ((TijH + /\O‘jf + 5|€><€|0‘jf),

LA 1) = Ke (D)@ ().

M

~ I+Ta A I_Tﬂvﬁv h*‘

H(y.\)=- 2( 3 00 + 5 ﬂ"sﬂ‘f+1+§ﬂ'?)-
i=—M ;

P. Zanardi and N. Paunkovic., Phys. Rev. E.74. 031123
(2006).
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Introduction: QPT & Fidelity

Nuclear-magnetic-resonance(NMR) experiments

J. Zhang, X. Peng, N. Rajendran, and D. Suter, Phys.
Rev. Lett. 100, 100501 (2008).

H* = 0705 + Be(0y +03) 4+ B: (07 + 03)

J. Zhang, etal, Phys. Rev. A 79, 012305 (2009)
ITP, Department of Physics, CUHK
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Spectra reconstruction
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How does a QPT happen for a general guantum system

H()\) = Hy + \Hj,
HM|Un(N) = Ep|¥,(A))

NS ' E

A Ac

ITP, Department of Physics, CUHK
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Perturbation method in quantum mechanics
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You, Li, and Gu, PRE, 76, 022101 (2007)

Fidelity susceptlblllty

}[\\I\Tr {\\\

"= R
Hn() — <\IITL(A)‘HI‘\I;O()\)>
F;(\,0) = \(\Do()\)l\llo()\ +9))
TRI —QIHF'
VA a&%flw ?:_i‘ = J; !
‘ e XF 51&10 O\

UgsE |1 EL |/¥T; LN q ITI f\\}.JZ
(a2 L«,ﬁ_ _Emf}»,: Ff
=3 —" ﬂa#f_} o=

ITP, Department of Physics, CUHK




N
\J

Perturbation method in quantum mechanics

Fidelity susceptibility: what is the physics

3 (U, |H|Wo) |
n#0 [En N EOP T W

You, Li, and Gu, PRE, 76, 022101 (2007)
XF = /T (o |H(T)H(0)|Wo) — (kIJO\HI\kIJO)Q] dt

Fidelity susceptibility <==> dynamic structure factor

XF(w) =

[He,H,]=0 —> =0

ITP, Department of Physics, CUHK
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Extension to thermal phase transitions

L

Fidelity susceptibility: extension to TPT

P. Zanardi, H. T. Quan, X. Wang, and C. P. Sun, Phys.

75, 032109 (2007).
Z(3)

Fi(3,5)

You, Li, and Gu, PRE, 76, 022101 (2007)

2 F| C, Aping
o AR T Tl C,=B"(E?)—(E))
_21 F’L ,.{3 a -
s | = X =B (M)
L Sh—0 4

A neat connection between quantum information
theoretic concepts and thermodynamic quantities

ITP, Department of Physics, CUHK
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Shi-Jian Gu's Homepage

Quantum criticality of the Lipkin-Meshkov-Glick Model in terms of fidelity susceptibility.
Ho-Man Kwok, Wen-Qiang Ming, Shi-Jian Gu, and Hai-Qing Lin, Phys_ ...
www.phy_cuhk_edu_hk/peoplefteach/sjgu/publication_htm - 40k - AT HEE - Z5{0pd T

Sciencepaper Online - [ #1iF 15 |
We analyze the cntical properties of Lipkin-Meshcov-Glick model in terms of fidelity

susceptibility through -body reduced density matnx which we regard as ...
www.paper.edu.cn/en/paper.php?serial_number=200901-405 - 21k - RIEIHES - Ze{0 T

APS - 2009 APS March Meeting - Event - Fidelity susceptibility and ... - [ iE 5 ]
In this talk, | will introduce the quantum fidelity approach to quantum phase transitions based

on its leading term, i.e. the fidelity susceptibility. ...
meetings.aps.org/Meeting/MAR09/Event/97293 - 21l fdm
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Universality class described by the FS

i H; = Z ‘[_z'[.r.) L. C. Venuti and P. Zanardi, Phvs. Hev. Lett. 99 |
- 095701 {2007).

XFr = /’T [(qjo‘HI(’T)H](O)‘\I’()) — <\I’0‘H]‘KIJO>2] dT

r'=sr, T =57, V(') =s2VV(r)

Tg e LHASY =204 20 -2, 2 =L

S.J. Gu, H. M. Kwok, W. Q. Ning, and H. Q. Lin, Phys.
Rev. B 77, 245109 (2008). arXiv:0706.2495

Ld |)‘-_}‘-c|& i V
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Dimension of fidelity susceptibility

L

The fidelity susceptibility

Ld |

Xe (4) o L2

ITP, Department of Physics, CUHK
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Quantum adiabatic dimension

N

L

In general quantum phases Gy and Lin, arXiv: 08073491

1
C( — /¢ o : :
(r,7) r2Av flrr%) fidelity dlmensmnj
AP _ N [ f(r*r”c‘ld*r |
= o 2 2 ()
-~ Zrzm,-_gq
LG G 'J.T”:_’N_Ezﬁ A, 2Lyt
W =d___ ,_.j—]_EI_L 2_&.1....:
I PS > Z
X“C
XF 1 xX(\,L) A 4 p—df
L TNCART Ll T Lo LB A @

ITP, Department of Physics, CUHK
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Quantum and classical distance (unpublished)

m @ fAt =m(v, —v,)

fAX =1 m(v; —v7)

FAt=M (v, -V,)
FAX=1M (v; V)

@

F =ma

ITP, Department of Physics, CUHK
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Application: the Lipkin-Meshkov-Glick model

A
\

L

Hamiltonian (N spins)
H = —% Z (o"io-{ o j/(rio'{) —h z o,
i<j i

Ground phases (ferromagnetic, 4-spin sample)

- h<1 e h>1f

ITP, Department of Physics, CUHK




Application: the LMG model

7 cN° di=0

ITP, Department of Physics, CUHK
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Application: the LMG model

A
\

L

X F (Mmax- 1) = X rn (h, 1)

Xran (h, 17)

2.0 ' T : T : T

— f[Lv(h - h-max)]

n~133 d-=0

d =1
XF o 1
Ld? )‘_)‘c o
— 4=
Q’:t _ H a
/
o _{ 1/2 A<1
- 2 A>1
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Application: the LMG model

S bl L JLatarre. B. Oris E.Rico_and. I Vidal Phvs Rey
Ifh>1 A 71. 064101 (2005).

S. =S -dua.

S, = (25 —a af)”2
The Hamiltonian in terms of bosons

H=—hN+[2h-1)+nla‘a- g (a™? + @)

a’ = cosh(®/2)b" + sinh(®/2)b,

The diagonalized form

H=-hN+1)+2+(h—1(h—1+n) (bTb + %)

ITP, Department of Physics, CUHK




Application: the LMG model

A
\

5 H. M. Kwok, W. Q. Ning, S. J. Gu, and H. Q. Lin, Phys.
Ifh>1 Rev. E 78, 032103 (2008).

??2

320 — D2(h— 1 +n)?

Xeay (1, 0> 1) =

Ifh<1

Xm,)(??a h<1) B ]
N 4 = h2)n
Exponents

{lh}l
(y = I
lo<h<l

ITP, Department of Physics, CUHK
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~1delity susceptibility in topological QPTs
a4 U= 2.507i 0.}0001

1 sin g, + sin 2 25 '
X _ = b QJ [ Q’y I v=0.956 2o| s f.c ( Jr=u:y=1;'¢‘ J=1 ;Q)J 4
E 16 Z €2 + A2 2ol ] N7 IpseReERT
q - 1=401" 24|
L=501 | Y,

}‘ Tz I T 1L 1.5 | L=601 25| "9 L

§ FLAALAL LA = —-.—L=801 85 80 95 100
T _=_ _' i LL_—i.D:J"ﬁi" Iﬁl : it :ﬁf.;,'-‘_', l-l 1.0 1=901 InL V4 4
- i "--'j_;lu' =i I *"’ ]
: -”?”"Itﬁl’l AR *J_" s 0.5 —: 0.96 + 0.005 :Qf? +
e .. = :\::—\*E&%‘}::‘; - {‘;:;, =

Imazx

XF

— XF f[LU(J Jmaxﬂ
XF

H-Ui ot
VvV

S. Yang, S. J. Gu, C. P. Sun, and H. Q). Lin, Phys. Rev.
A T8, 012304 (2008).
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1 sin ¢, + sin q,,
e 162{ €2+ A2

r Gu and Lin, arXiv: 08073491

_J <12

T =1R

II‘?

1 1 III| 1
0.0001
| J-1/

|

~1delity susceptibility in topological QPTs

J,>1/2

XF 1

Lz

J, <1/2

XF'|J:»: - L}rz~.‘:|1m

L?InL

ITP, Department of Physics, CUHK
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—1delity susceptibility of pulse In dispersive medi

T
L/

N

Li-Gang Wang and Shi-Jian Gu, preprint

.'? 4 |III
g 10 / ".lll II.' I'| II|
g 109 [(1)230cm [(2) z7200m
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Fidelity susceptibility and quantum adiabatic
theorem
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Summary Shi-Jian Gu, arXiv:0902.4623
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Quantum adiabatic theorem

L/

A physical system remains in its instantaneous eigenstate if a given
perturbation is acting on it slowly enough and if there is a gap between
the eigenvalue and the rest of the Hamiltonian's spectrum.

_PE 1 2 2
H=omtamws @ =wyt/z,

— E=hwin +1E 1

Potential energy
— gt

Ref: Wiki
ITP, Department of Physics, CUHK
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A thermodynamic quantum many-body system

A
\

L/
A physical system remains in its instantaneous eigenstate if a given

perturbation is acting on it slowly enough and if there is a gap
between the eigenvalue and the rest of the Hamiltonian's spectrum.

Thermodynamic limit

L > o

ITP, Department of Physics, CUHK
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Quantum adiabatic condition

L

Time-dependent Hamiltonian
H(t) = Ho + H;(1)

H(t)|on(t)) = €nlt)|on(t))
Quantum state and Schodinger Eq.

W) = Y aal®lén) B () = HOD)

Tt

iRy [an(t)[@n(t)) + an(t)|0cdn(t)] =) an(t)en|dn(t))

T

ITP, Department of Physics, CUHK
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Hamiltonian

N

L

Unitary transformation

a,(t) = a,(t)exp (—1’ / t Ent’dt’>

da,,

ot

- am {‘i’m ‘ at ‘i’m >

: o= t

Whm
nF=1m
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Hamiltonian

N

L

Time-dependent Hamiltonian
H(A) = Hyp+ \H; A= Az)

r = 1/79

I ,is the duration time, for instance t

A€[01] = te[0,7,]

ITP, Department of Physics, CUHK




Hamiltonian

N

L

Time-dependent perturbation theory

A>o>A+0ATromt >t + At

From initial conditions ag = 1,a,, = 0

. At L
ap =~ 1 ——XN{(do|Ordo)
T0

N il ¢ 1 5 My ot _
?L_&F(;ﬂ — ﬁ Q{;'Jm-_‘--tﬁ_(.—ﬂ) E—E_,f.t_]fD—Em-_df ]

& —_

J D _ to "_'_":—';-:ﬁ'_=":'

1 dX(¢m|OxH o) [E_i[f.:._fm]m

Todr €y — €,

_1}
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Hamiltonian

Eu

— -

n \
/
A

S
e

At >>w,,

(5/1)2 -
2

1
n=0 (€0 — EHJZ
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Hamiltonian

N

L

The probability of staying in the ground state:

1 /M2 -
LY
Q(Tu) XF

The quantum adiabatic condition

P ~

IN|L% < g

For linear quench

ITP, Department of Physics, CUHK
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DIScuUsSSsIon
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The quantum adiabatic condition

IN|L% < 7 N (= L*) =6.02x10%
A physical acceptable duration time
7o~ N(= I—d)
T, = oo(L%)
If, d, >d
N — o0 N 5 o6
7, = ©(N)

Then the quantum adiabatic theorem breaks down

ITP, Department of Physics, CUHK
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Discussion

d.=1,
Can you walit me
3 years ~
Yes, | can.

But if d_ =2
S0 can yo
180*3=54(
Of course,

ITP, Department of Physics, CUHK
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Summary

A
\

L

1. We establish a general relation between the fidelity
and dynamic structure factor of the driving
parameter

2. We can learn the universality class of the critical
phenomena from the fidelity susceptibility.

3. We derive a quantum adiabatic condition for
guantum many-body systems in the
thermodynamic limit.

ITP, Department of Physics, CUHK
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