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Outline
¸ Introduction to topological quantum computation and 

the Kitaev model

¸ Jordan-Wigner transformation and a novel Majorana
fermion representation of spin-1/2 operators

¸ Topological continuous quantum phase transitions 

¸ Non-local string order parameters from the duality 
transformation of the spins

¸ Topological excitations of the Kitaev model 

¸ Conclusions
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Fault-tolerant quantum computation in a toric code model
A. Kitaev, Ann Phys 303, 2 (2003); cond-mat/9707021

Wen’s plaquette model:
Phys. Rev. Lett. 90, 016803 (2003)



Two types of vortices of 
the low energy excitations.

The statistics of the vortex 
excitations – Abelian anyons

Properties of the toric code model



Kitaev spin-1/2 model
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A. Kitaev, Ann Phys 321, 2 (2006).



Why interesting(I)
Topological Quantum Computation

• Error correction and fault-
tolerance are essential in 
the operation of large 
scale quantum 
computers 

• non-Abelian anyons: 
topological, resistant to 
local perturbation

fractional QHE 5/2, 12/5
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Why Interesting(II)
Quantum Phase Transitions and Topological Excitations

• Exact analytic solution in 2D in the ground state

• Ideal model for studying topological ordering and continuous quantum 
phase transitions

• Anyons as a kind of topological defects reveal nontrivial properties of the 
ground state.

A classical vortex (a) distorted by fluctuations (b)



Continuous quantum phase transitions

Conventional: Landau-type
• Spontaneous symmetry 

breaking
• Local order parameters

Topological: 
• Both phases are gapped
• No symmetry breaking
• No local order parameters

Fractional quantum Hall liquids

Ferromagnet – Paramagnet



4 Majorana Fermion Representation of Pauli Matrices
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Ettore Majorana

Physical s-1/2 spin: 2 degrees of freedom per spin

Each Majorana fermion has 21/2 degree of freedom

4 Majorana fermions have totally 4 degrees of freedom
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4 Majorana Fermion Representation of Kitaev Model
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2D Ground State Phase Diagram
The ground state is in a zero-flux phase (highly degenerate, 

ujk = 1), the Hamiltonian can be rigorously diagonalized

• Non-Abelian
anyons appear 
in the B phase in 
the presence of 
magnetic field. 

• Abelian anyons
exist in the 
gapped A phase.



4 Majorana Fermion Representation: constraint 
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3 Majorana Fermion Representation of Pauli Matrices

x x
j j j

y y
j j j

z z
j j j

ib c

ib c

ib c

σ

σ

σ

=

=

=

1x y z
j j j j jD b b b c= =

x x
j j j

y y
j j j

z y x
j j j

ib c

ib c

ib b

σ

σ

σ

=

=

=

Totally 23/2 degrees of freedom, 
still has a hidden 21/2 redundant 
degree of freedom
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Kitaev Model on a Brick-Wall Lattice
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Jordan-Wigner Transformation 

Represent spin 
operators by 
spinless fermion
operators

P. Jordan      E.P. Wigner



Along Each Horizontal Chain

( )

( )( ) ( )( )
1 2 1 2 2 2 2 1

1 2 1 2 1 2 2 2 2 2 2 1 2 1

x x y y
i i i i

i

i i i i i i i i
i

H J J

J a a a a J a a a a

σ σ σ σ− +

+ + + +
− − + +−

= +

= + + −+

∑

∑

x          y           x         y



( )
( )

1 2 1 2 2 2 2 1

1 2 1 2 2 2 2 1

x x y y
i i i i

i

i i i i
i

H J J

i J c c J c c

σ σ σ σ− +

− +

= +

= − −

∑

∑

( ),
( ),

i i i i i i

i i i i i i

c i a a d a a i odd
d i a a c a a i even

+ +

+ +

= − = + =
= − = + =

Onle ci-type Majorana fermion operators appear!

Two Majorana Fermion Representation



Two Majorana Fermion Representation 
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A conjugate pair of fermion operators is 
represented by two Majorana fermion operators

No redundant degrees of freedom!

ci and di are Majorana fermion operators



Vertical Bond
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2 Majorana Representation of Kitaev Model 
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Phase Diagram

0                    1                    J1/J2

Single chain

Critical point

x          y           x         y
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Quasiparticle excitation: 

Ground state energy 0 ,k
k

E ε −=∑



Phase Diagram

Two-leg ladder

Critical lines



Multi-Chain System

Chain number = 2 M

Thick solid lines as 
critical lines

Infinite critical lines 
form quantum critical 
regime 

How to characterize 
these quantum 

phase transitions?



Classifications of quantum phase transitions

Questions: 

• Can one find certain type of nonlocal order parameters to
describe such topological phase transition?

It is true in the abelian gapped phase. Duality is important!

Topological: 
• Both phases are gapped
• No symmetry breaking
• No local order parameters



QPT: Single Chain 
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Non-local String Order Parameter 
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Another String Order Parameter
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Two-leg ladder



Phase I: J1 > J2 + J3
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String Order Parameters



QPT: multi chains

Chain number = 2 M



QPT in a multi-chain system
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q = 0
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ci,0 is still a Majorana fermion
operator

Hq=0 is exactly same as the 
Hamiltonian of a two-leg ladder



String Order Parameter
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q = π

ci,π is also a Majorana
fermion operator

Hq=π is also the same as the 
Hamiltonian of a two-leg 
ladder, only J2 changes sign



String Order Parameter
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Topological excitations in the Kitaev model

• Such vortex excitations in gapped A phases are the low-energy
excited states and behave as Abelian anyonic excitations.

• In the external magnetic field, each vortex in the B phase behave as a
non-Abelian anyon and carries a unpaired Majorana zero mode.

























Conclusions
• The Kitaev model is a free Majorana fermion model 
with local Ising-like gauge field without redundant 
degrees of freedom.

• Topological ordering and quantum phase transitions 
can be characterized by non-local string order 
parameters. In the dual space, these string order 
parameters become local order parameters.

• The low-energy critical modes are Majorana fermions, 
not Goldstone bosons.

• Topological vortex excitations can be Abelian anyons
or non-Abelian anyons.
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